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ABSTRACT The cytoskeletal activity of motile or adherent cells is frequently seen to induce detectable displacements of
sufficiently compliant substrata. The physics of this phenomenon is discussed in terms of the classical theory of small-strain,
plane-stress elasticity. The main result of such analysis is a transform expressing the displacement field of the elastic
substrate as an integral over the traction field. The existence of this transform is used to derive a Bayesian method for
converting noisy measurements of substratum displacement into "images" of the actual traction forces exerted by adherent
or locomoting cells. Finally, the Monte Carlo validation of the statistical method is discussed, some new rheological studies
of films are presented, and a practical application is given.
GLOSSARY OF SYMBOLS*
AT
Ak
a
yC2
d
d,P
Total area of Q (10)
Area integral of Sk (11)
Index of the coordinate directions in the Cartesian plane
Index of the coordinate directions in the Cartesian plane
A statistical measure of "complexity" (16)
(dl, d2) A generic displacement vector (2)
(dP', dP2) Experimental displacement of the pth particle
(7)
dP (dP, dA) Theoretical displacement of the pth particle
(7).
A generic component of Kronecker's delta (2)
5Tk a Standard deviation of the nodal tractions; Tk
E Young's modulus of the substratum material (2)
Es, Surface Young modulus of the substratum (3)
A generic component of the two-dimensional Cartesian
strain tensor (2)
f = (f1' f2) A generic position vector
8 (ft' f2) Position of the kth node of a mesh (8)
go,l3 8A component of the two-dimensional displacement
Green's function (5)
h 8 The thickness of the elastic membrane (1)
H A particular element of {H} (13)
{H} The universe of all the theories to be tested (13)
j An integer between 0 and N (8)
k An integer between 0 and N (8)
A Smallest detectable traction density (18)
N The number of nodes in a mesh (8)
v 8 Possion's ratio of the substratum material (2)
01 An observer who defines complexity according to Eq. 17
02 An observer who defines complexity according to eq. 19
Q The interior of domain within which tractions occur (8)
P Total number of particle observations in an experiment (7)
p An integer between 1 and P
P(H) The a priori probability of H (13)
P(H | X) Probability of H after experiment X (13)
P(X H) Probability of X given that H is true (13)
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rP (rP, rv2) Error of the observed displacement of the pth
particle (7)
s Pixel resolution of a discretized image (7)
Sk Shape function of the kth node of a mesh (8)
Sx A normalization constant (13)
of Resting drumhead tension of the substratum (2)
fais -A component of the two-dimensional Cartesian stress
tensor (1)
T (T1, T2) A traction density vector field (1)
tk (T k, Tk) A traction density vector at the kth mesh node
(12)
w° - (w°, wo) =Drift error (7)
wk (Wk, wk) Imaging degree-of freedom at the kth mesh
node (9)
9 (iis1, u2) Area average of the WkSk (12)
x (x1, x2) A generic position vector
xP (xvP, xP2) Reference position of the pthe particle (7)
{X} Set of all possible outcomes of an experiment (13)
X An element of {X} realized in a particular experiment (13)
X A statistical measure of goodness to fit (15)
INTRODUCTION
In studies of cell locomotion and motility, a major goal has
been to correlate the kinematic observations available by
direct cytological methods and the underlying processes of
cytoskeletal force generation (see Sheetz, 1994; Lee et al.,
1993, 1994; Evans, 1993; Condeelis, 1993; Lauffenburger,
1991; Cramer et al., 1993). An important contribution to
this program (Harris et al., 1980) was the basic idea of
observing the reactions of elastic substrata to the presence
of locomoting or adhering cells. To implement this idea
Harris and his co-workers developed a procedure for fabri-
cating highly compliant yet stable films made of silicone
rubber. They subsequently demonstrated that cells could
induce large lateral displacements and wrinkling when
placed upon such substrata. Recently some refinements to
the basic method of Harris were introduced to facilitate
*Where possible, an equation number apropos of each defined symbol is
given in parentheses following definition.
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more reproducible and quantitative measurements of the
elastic deformation (Oliver et al., 1995; Lee et al., 1994).
Measurements of substratum deformation, even if they
are very accurate, are merely secondary reflections of the
underlying biologically generated tractions. Therefore, to
deduce the actual traction stresses being exerted upon a
substratum point by point it is necessary to process the
information inherent in displacement measurements by
some sort of statistical procedure. Our approach to the
calculation of such "traction images" starts by approximat-
ing the distribution of traction stresses acting on the sub-
stratum as a superposition of elementary "delta function"
influences. Next, given a set of noisy displacement obser-
vations, we use standard methods of data fitting to find the
most likely amplitudes and locations of the elementary
influences. Below, we explain these matters in more detail.
See the Appendix for definitions of notation used.
COMPUTING DISPLACEMENTS
GIVEN TRACTIONS
Consider a infinite flat membrane or plate composed of a
uniform isotropic elastic material and introduce Cartesian
coordinates [X1, X2, X3] such that the center of the membrane
is coincident with the plane, X3 = 0. Presuming that the only
external loads acting on the membrane consist of tangential
tractions on its upper surface, one may consistently reduce
the dimensionality of the problem by invoking a standard
"plane stress" approximation. If o-as are the components of
the stress tensor, Ta, the components of the applied traction
stress, and h the membrane thickness, then we may write the
thickness-averaged condition for stress equilibrium as
h(aiual + a2o-a2) + Ta = 0. (1)
Details of the arguments leading to this plane stress approx-
imation are given by many authors; a standard source is
Landau and Lifshitz (1986).
In addition to a stress balance, one must consider that the
membrane has some degree of elastic compliance and that it
will therefore deform slightly from its reference state as a
result of any applied loads. In particular, a point in the
midplane of the membrane with initial position x = (xl, x2)
will be displaced to a new equilibrium position x' = x + d.
Letting Eaj3 a 0.5(aal,dp + apd,d) be the Cartesian strain
tensor associated with this deformation field, one can easily
obtain the appropriate thickness averaged stress-strain rela-
tion by combining the three-dimensional form of Hooke's
law with the plane stress requirement:
E Ev(E I+ E22)
Ea( + (1v 22) &3 + (7&a83 (2)
There are three constant moduli in this constitutive law: v,
the Poisson ratio; E, the Young modulus; and (i, which is
the prestressed drumhead tension. For the silicone rubber
films used in the current study, the three-dimensional ma-
terial that composes the film is incompressible, and
Poisson's ratio is therefore certainly very close to 0.5.
We cannot overemphasize the importance of an adequate
ievel of drumhead prestress, ab. Basically this is because a
sheet under some tension from the boundaries tends to
remain flat and resists wrinkling under the action of tangen-
tial tractions. One the other hand, if the &5 of a film is small
or negative, then the only factor to prevent wrinkling when
tractions are applied is its bending rigidity. It is easy to
estimate that the latter is not adequate to prevent wrinkling
in studies of cell tractions because the films are very thin
and because the silicone rubber is highly compliant. Thus,
in the early studies by Harris and coworkers, wrinkles
dominated the results obtained. Although wrinkles do pro-
vide some evidence of the existence of cellular tractions,
they are disastrous as far as any hope of quantitative defor-
mation analysis is concerned. The previously described
methodology for manufacture of silicone rubber membranes
fortuitously produced films with a large prestress. This
serendipitous development was thus an essential precondi-
tion for the current analysis (Oliver et al., 1995; Lee et al.,
1994).
Substituting Eq. 2 into the equations for stress equi-
librium, we finally obtain coupled second-order partial
differential equations for the components of equilibrium
deformation in the midplane:
Es
alald, + 2 Es v AI1-v d8d 2(1 + v) 88d
Es
2(l - v) ,d =- (3)
Es MA+ Es aad1 -v2 a2a2d2 + 2(1 + v) a1a1d2
+ (1- a2adj = -T2.2(1 - V-)2
In these expressions, E. = Eh is the surface Young modu-
lus. Although it will usually be a constant for any given
film, its actual value must be determined empirically by
separate calibration measurements (cf. Studies of Film Rhe-
ology, below). This is so because, in addition to having a
linear dependence on the membrane thickness, Es can be a
sensitive function of the degree of cross-linking and also of
the amount of prestress. Note that, despite the important
stabilizing role played by the drumhead tension, this quan-
tity drops out of Eqs. 3. Thus, although -a is important to
prevent deformations normal to the plane of the membrane
(i.e., wrinkling), the precise magnitude of this quantity is
irrelevant to the in-plane deformation.
For certain boundary conditions and traction distribu-
tions, elegant solutions for the fields of displacement that
satisfy Eqs. 3 are known (Timoshenko, 1934). For example,
if the elastic medium is infinite and if there-are simple stress
boundary conditions ca3> &S(43 as x -> oo, then the
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components of the displacement field can be expressed in
integral form:
da(X) =- f(9aI)xsf)TX(f) + ga2(x, f)T2(f))df, (4)Es
where
(1 + v)2 (Xa fa)(X-f3)
ga 4 L Ix-fl 2 (5)
+bl(I +V)ln ix-fl)
Physically, the nondimensional functions ga,(xl, x2, fl, f2)
can be thought of as giving the displacement in the a
direction at location (xl, x2) induced by a delta function
traction density acting in the ,3 direction at location (fi,f2).
In other words, the g, are the components of a so-called
displacement Green's function. Chapter 5 of the text by
Timoshenko (1934) can be consulted for further details.
Substitution of some special choices for the traction den-
sity reveals that for many loadings the integral required by
Eq. 4 will not exist. Physically this should not be surprising
because it is certainly conceivable that under some condi-
tions an unbounded elastic membrane with stress boundary
conditions will slip tangentially and undergo an infinite
displacement without reaching equilibrium. To avoid such
pathology and thereby ensure the existence of the integral in
Eq. 4 it is sufficient that the traction density field have
bounded support and satisfy a constraint of global force
balance:
T1(f) df = Jf T2(f)df = 0. (6)
Fortunately it is easy to see that the traction field generated
by a freely locomoting cell, normal to the gravitational field
and having no contacts with the external world except
through the elastic substrate, will always satisfy Eq. 6.
Therefore, in the subsequent discussion we will concentrate
strictly on the analysis of such freely locomoting cells. The
important generalization to the case of cells locomoting
against external loads requires additional work and will be
dealt with in a subsequent publication.
IMAGE ANALYSIS
We now turn to the question of what can be learned about
the traction field acting on an elastic film from observations
of the displacement field. In the interests of specificity we
presume that a digitized image, with pixel resolution s, has
been obtained to record the centroid location of a finite
number of small marker particles embedded in the undis-
turbed elastic material. We further presume that at some
later time a cell wanders into the observation field, causing
a small disturbance. The particle locations are then observed
for a second time, and for each particle the displacement
relative to the undisturbed position is computed with image-
processing software. We let dP = (d'P, dP2) and xP = (xP4, xP2)
be the resulting experimental measurements of displace-
ment and initial location of the pth particle (p = 1, 2 ... P).
Finally, we assume that the theory of the preceding section
is applicable, that both Es and v are known, and that the
presence of particles in the film does not contribute a
significant perturbation to its elastic behavior.
Inasmuch as displacements are computed by subtracting a
reference image from a disturbed image, it is naturally very
important that the two images share the same origin and
orientation with respect to a set of fixed reference markers.
The systematic error introduced into the measured displace-
ments by misalignment of the two images is called a "drift
correction." If we include both random error and transla-
tional drift error, then the observed displacement of the pth
particle is given as the sum of three vectors:
dP = dP + w° + rP. (7)
Here dP = d(xP) is the systematic displacement that would
be obtained by a perfect measurement (we could compute
this term by using Eq. 4 if we knew the exact traction
density field being applied to the substratum by the cell).
The second term on the right-hand side of Eq. 7 is the drift
correction, and the third term is the random error. In our
experience, translational drift is always present and must be
carefully accounted for even though the actual size of the
misalignment may be only a fraction of a pixel. In principle
one could also include a correction for rigid rotation of the
reference and the disturbed image with respect to some
arbitrary axis. However, until now it seems that this addi-
tional correction was not needed, at least if the sample was
carefully clamped during the interval that elapses between
the reference and disturbed images.
This extreme sensitivity arises because the translational
drift is the same for all the particles and therefore introduces
a cumulative systematic error that gets progressively worse
as the number of particle observations is increased. In
contrast to the drift corrections, the ra are independent
random numbers that tend to cancel. We will henceforth
assume that the 14a) are all sampled from a single Gaussian
distribution. We will further assume that the mean value of
this distribution is zero and that the standard deviation is
equal to the pixel radius.
Representing the Set of A Priori Possibilities
To make further progress we now construct a space of finite
dimension from which to select candidate traction images.
For this purpose it is important formally to recognize the
common-sense idea that cells can apply tractions to a sub-
stratum only at points where they make some direct contact.
This means that in constructing the space of possible trac-
tion images it is safe to assume that all the tractions occur
within the boundaries of some sharply delimited region, Ql.
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Usually but not always fl will correspond to the projected
image of the locomoting cell. As a second condition on the
candidate traction images it is also necessary to eliminate any
image violating the constraint of global force balance, Eq. 6.
Aside from such physical constraints, the Ta could con-
ceivably be any continuous functions. To represent this
large space of possibilities efficiently we assume that the
interior of fl is paved by a mesh of quadrilaterals. To
interpolate the Ta smoothly over our mesh we then define
so-called nodal "shape" functions, Sk(f), all with the usual
finite element property of CO continuity. We also require that
each of and all the Sk satisfy the "localization" conditions:
Sk(fi) = &~ j 8Sf)=sj Vj = 1, 2, ***N. ( )
In Eq. 8, N is the number of nodes, f = (f4, fA) is the
location of the jth node, and kj is the Kronecker delta.
Finally, the total traction density distribution over the mesh
is written as a sum over nodal tractions:
T(f) = E Wk(Sk(f)
-A )
k=l1
fEa.
Bayesian Likelihood of a Hypothesis
Let {X} be the set of all possible outcomes of an experiment,
and let the particular resultX be obtained in practice. A "test
hypothesis," H, consists of some guess for the unknown
information necessary to generate a complete prediction of
this experimental outcome. In the current context such a
hypothesis consists of a definite choice of the wkv for k = 0,
1, -. N and a = 1, 2 (i.e., 2N + 2 real numbers). Now,
suppose that before conducting our experiment we recorded
an estimate of the probability that the test hypothesis is true.
Letting P(H) be this initial probability, we will symbolically
denote the corresponding quantity after obtaining the exper-
imental result X by P(H IX). If {H} is the universe of all the
theories to be tested, then the hypothesis that affords the
best explanation of the experiment is defined by the element
of {H} that maximizes P(H X).
To compute P(H X) for arbitrary H and X we utilize the
well-known rule of inductive logic that is due to Bayes
(Bemardo and Smith, 1994). According to this result the
postexperimental probability of a hypothesis is expressed as
the product of three factors:
P(H IX) = P(XI H)P(H)SxI'.
AT-j'fdf (10)
is the total mesh area;
Ak jSk(f) df (11)
is the area surrounding the kth node. The wk = (wlk, w2) are
the mesh associated degrees of freedom that implicitly
encode the descretized traction image. In view of the defi-
nition of the Ak, one can easily verify by substitution into
Eq. 6 that the constraint of global force balance is exactly
satisfied by Eq. 9 for any choice of the wk; k = 1, - - - N.
In the subsequent development, it simplifies the algebra
considerably if we regard the components of the drift cor-
rection vector, wo = (w?, wo), as being equivalent to degrees
of freedom associated with an imaginary zeroth node of the
mesh. Consistency then requires that we define the null area
and the null shape function as also being associated with the
zeroth node. Accordingly, whenever necessary we will
henceforth implicitly assume that it is legitimate for the
nodal index to take a value of zero and moreover that
S°(f) = 0 and AO 0.
Finally, to avoid any possible confusion, we should take
this opportunity to point out that according to Eqs. 9 and 8,
the traction density vector at the nth mesh node is
N Ak
Tn _ (fn) = WM - 2 k- = wn=w. (2T T T(12)
k=1 T
The first quantity on the right-hand side of Eq. 13 in this
equation is interpreted as the probability of obtaining the
experimental outcome, X, on the assumption that the test
hypothesis is true. It is simply common sense to assert that,
when this quantity is large, our belief in the underlying
hypothesis should increase in a more-or-less proportional
fashion. Equation 13 also implies that the postexperiment
probability of a test hypothesis will be proportional to the
preexperiment probability. Once again this is common
sense because, in practice, our opinion of a test hypothesis
before an experiment should be only partially modified as
the result of a single experimental experience. Finally, the
quantity Sx that appears on the right-hand side of Eq. 13 is
just a normalization constant chosen so that the integral of
(P(H X) over all H E {H} will be exactly equal to 1.
The probability of a particular experimental outcome,
given a test hypothesis, is identical to the probability of
obtaining certain actual values of the error vectors by ran-
dom sampling from an appropriate distribution. In the case
of the current experiments, the errors in the particle dis-
placement measurements are assumed to be Gaussian with
means of zero and standard deviations equal to the pixel
radius. Thus, except for an irrelevant normalization con-
stant, the probability of the observed experiment is
P(X H) oc exp(-x), (14)
where
rp 2 1
x2_E=I _= E APW°d | 2=l p=l~ Id -wo-d (15)
is the familiar chi-squared statistic.
Here (13)
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A Priori Likelihood of a Traction Image
In view of the fact that the dP must be evaluated from Eqs.
4, 5, and 9, actually computing the value of P(X H) by
using Eq. 14 can require considerable mathematical effort.
Nevertheless, at least the basic idea of Eq. 14 is unambig-
uous and objective. In contrast, evaluating the initial prob-
ability of a particular test hypothesis constitutes a more
slippery and difficult topic. This is because P(H) neces-
sarily embodies various personal beliefs and biases, be-
cause these are not usually subjected to objective scru-
tiny, and because there is in any case no absolute
standard to apply.
The classical method to lance rhetorically the subjectivity
of a given individual's prior belief is to confront him or her
with the imaginary or simulated viewpoints of some small
collection of trusted and neutral authorities (hereafter des-
ignated 1, 02' etc). After first carefully explaining the
biases and virtues of these ideal observers, we will faithfully
demonstrate what each observer concludes from any given
experiment, and we invite consideration of these conclu-
sions. We then appeal to the empathic facility of our spe-
cies. If possessed of this ability, an individual should be able
to extrapolate from the situation of the imaginary observers
and thereby draw his or her own conclusions.
The first and most important characteristic of 01 is that
he believes in a form of Occam's principal. By analogy with
Eq. 14 this means that he always tries to rank the intrinsic
likelihood of images according to the inverse of a positive
functional called "complexity":
P(H) cx exp( - (62). (16)
The specific definition of complexity used by 01 is as
follows;
2 T,Y ,J2) + T2(f, f2))2df, df2 (17)
According to this definition, the image of minimum com-
plexity is the trivial or null image wherein the traction
density is everywhere exactly equal to 0. Other images are
then ranked according to the average magnitude (or L2
norm) of the traction density. Readers who think that this
definition of complexity is not to their liking are advised to
have patience; we will subsequently consider an alternative
definition.
The quantity A, hereafter called the "complexity scale," is
a positive real number with the same dimensions as the
traction density. In essence A is just 01's a priori "order-
of-magnitude" estimate of the rms traction density of the
minimal field that can be expected to produce a detectable
effect on the particles under observation. An astute compu-
tation of the required quantity can be derived from a dimen-
sional analysis:
EEs]2
L A (18)
-N P N2 2 AAm\
= E p2 E [JJgals (xP, f) Sr(f)-A )dfJ.
m=l p=l
2
a=1 13=1 A
The final traction image obtained by maximizing P(H | X)
by using Eq. 18 in conjunction with Eq. 17 in the maximum-
likelihood hypothesis according to 01. Note that according
to Eq. 18 A depends on the mesh geometry and also on the
undisturbed locations of the beads or particles being ob-
served. The complexity scale does not depend on the actual
motions of the beads and is thus a true a priori estimate.
Subsequently we will apply Monte Carlo techniques to
study the characteristic errors and biases of 01's maximum-
likelihood image (see Statistical Studies, below).
A Second Opinion
We will from time to time have cause to consult the opinion
of a second virtual observer, 02- We will assume that this
second observer also believes in Occam's principal but that
he differs from O, in that he assigns special importance to
derivatives of traction magnitude and direction. 02 also
insists that complexity should be a scalar invariant and thus
independent of the choice of coordinate system. The alter-
native viewpoint Of 02 then leads to the following mathe-
matical definition:
2j=I(aT2)+(+ 4A lI2) + 2( A2)df1 df2.
(19)
Note that 02'S concept of complexity employs the same
scale parameter as 01's definition. In addition, both 01 and
02 agree that the uniform or null image is the image of
minimum complexity. Nevertheless the basic ranking of
image complexity used by 02 iS fundamentally different
from that used by 01. Thus at least to some extent these two
observers are independent of each other.
Computational Details
The main computational effort involved in computing a
traction map is expended to find the element of {H} that
maximizes P(H X) = P(X H) P(H) for given data, given
mesh, and given value of A. Substituting Eq. 9 into Eq. 4
and using Eq. 7, we see that for any choice of the degrees of
freedom the random error of the observed displacement of
the pth particle in the ath direction can be given as a linear
combination of node vectors:
N 2
la = d' - I E eamm-wO
m=O 13=1
(20)
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We substitute into Eq. 15, the chi-squared statistic for a
discretized traction image takes the form
p= pl2Pa2
S I
p p2 1a
N 2 2
EE1 Pa w
m=O 13=1I
(21)
where
p
km
=
-2km + s-2 vpktpm_+ pk pm)
a, = A 6 EwSSabl3 5~2Sp31
p=l
In view of the nature of the drift correction terms, it is
easily verified that for all particles the coupling coefficients
to the zeroth node are
g3o &a3.
For other nodes, the coupling coefficients can be com-
puted by integration:
I- Am(PapmE Aa(XX2, fl, f2)(Sm(fi, f2)J df df2
Generally we approximate the indicated integrals in the
standard way for finite elements by sums over the Gauss
points of the mesh quadrilaterals. The only subtlety arises in
the special case of a particle located very close to one of the
Gauss points. In this situation a simple analytic expression is
used to estimate the small contribution arising from a neigh-
borhood surrounding the singularity of the Green's function.
Using Eq. 17 together with Eq. 9, we find that for a
discrete image the complexity 01 can be written in the form
of a finite sum:
N N 2
T2=A 2E d>kwmWkm. (22)
k0m0k=O m=O a=l1
Moreover, the coefficients of this sum are constants that
depend only on the mesh geometry:
df1 df [AkAm]
(km Sk(f)Sm(f) Af - A5 ] (23)
Once again the indicated integrals can be computed numer-
ically.
Plugging Eq. 20 into Eq. 14 and combining the result
with Eq. 16 and Eq. 17, we obtain the postexperiment
likelihood of an arbitrary test hypothesis in terms of its
underlying degrees of freedom. Then, taking the logarithm
and differentiating with respect to wk, we obtain 2 N + 2
simultaneous linear algebraic equations:
N
x-2 E ckmwm -
m=O
P 2 N 2
2~ 2 (13 E ,w =,) 0.
p=1, 1 m=Opyd1
Some tedious algebra coverts these equations into standard
matrix format:
N 2
E E B W = ba
M=O 3= I
p
k= -2 pk + gba- E I 2a2p
p=l
Once the W3 that satisfy Eq. 24 are computed, it is a simple
matter to construct the maximum-likelihood traction image
by backsubstitution into Eq. 9. The procedure for computing
02'S prediction of the traction image is entirely similar,
except that the C"` must be modified.
We accomplished the necessary linear algebra to solve
Eq. 24 using LU decomposition (described by Press et al.,
1989). Most calculations were carried out by 32-bit arith-
metic, but spot checks with 64-bit arithmetic revealed no
significant problems with roundoff errors. We should cau-
tion, however, that in the current study no meshes with more
than 256 nodes were used. For meshes involving more than
256 nodes, it might be necessary to develop iterative refine-
ment procedures.
STATISTICAL STUDIES
Fig. 1 A shows the typical use of a quadrilateral mesh to
describe the projected region of cell-to-substratum contact.
The direction and magnitude of the traction density field
acting at the center of each mesh quadrilateral are indicated
by an arrow. The traction pattern described by these arrows
was chosen at random from a large sample of independent
possibilities. Thus, although the traction density field of
Fig. 1 A satisfies the necessary constraint of global force
balance, it is otherwise fictional and any resemblance to the
actual traction pattern generated by a real cell, living or
dead, is coincidental. Furthermore, we remind the reader
that, although the traction density field is necessarily indi-
cated by arrows only at a small number of strategic loca-
tions, it is actuality continuous and smoothly changing over
the entire mesh interior (see Eq. 9).
Starting with the traction field of Fig. 1 A, and assuming
that the surface Young's modulus is known, one can pro-
ceed to compute the exact displacement of the elastic film at
any desired position by using Eq. 4. Such a calculation, for
Es = 104 dyn/cm at 103 randomly selected test locations, is
shown in Fig. 1 B. This choice of Young's modulus suffices
because it is apparent from the form of Eq. 4 that changing
the surface Young modulus will simply cause an inversely
proportional correction in the magnitudes of all the dis-
placement vectors. The base of each arrow in Fig. 1 B
corresponds to the location of one of the test locations in the
undisturbed or reference state of the film. The length and
direction of the arrows then indicate the motion that a
particle at this initial location undergoes after application of
the traction field. Note that for greater visibility these dis-
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FIGURE 1 Computation of the displacement field. (A) Typical use of a quadrilateral mesh to describe a contact region, Ql, and the associated traction
density field. The scale factors for traction vectors and position vectors are indicated by the labeled arrow and the distance bar at the top of the figure. Note
that the scale for traction stress is expressed in cgs units (Barye -1 dyn/cm2). The illustrated stress field is purely hypothetical, although it has certain
characteristics of real traction density fields (i.e., the field is smoothly varying and satisfies the constraint of global force balance). (B) The theoretical
displacement caused by the hypothetical traction density field of (A) at 103 randomly selected locations. Displacement computations were carried out using
Eq. 4 and assuming Es = 104 dyn/cm. Displacement vectors in this and other figures are not actual size but are magnified for better visibility (see the
reference arrow). (C) Same data as in (B), except that experimental error has been simulated by addition of a drift error plus a random error to each of the
displacement vectors. The signal-to-noise ratio in this Monte Carlo simulation is 5:1. (D) Same as (C), except that the simulated signal-to-noise ratio is now 1:1.
placement vectors are exaggerated relative to the actual
particle motion. In this and other figures the magnification
factors are indicated by a labeled reference vector near the
top of the figure. Note that, although the displacement field
is indicated by arrows only at the selected test locations, it
is actually continuous, just like the traction vectors. Unlike
the traction field, however, the displacement field extends
smoothly over the entire infinite area of the elastic medium
and is not strictly confined to the region of cell-substrate
contact.
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The mesh of Fig. 1 A and also the general distribution and
number of "particles" in Fig. 1 B are typical of what is
encountered in actual experiments. However, in a real ex-
periment the orderly field of displacements as shown in
Fig. 1 B would be partially masked owing to drift error and
measurement error. To obtain a more realistic rendering of
what is actually seen experimentally one must therefore
superimpose appropriate error terms upon the exact particle
displacements. The typical result of such processing for two
levels of noise is indicated in Fig. 1 C and D. To illustrate
a worst-case situation we have taken the standard deviation
of the noise ratio in the second of these simulations to be
equal to the maximum systematic particle displacement.
Such large error would occur only in an experiment in
which the true displacement of particles was less than the
pixel spacing. In any event the signal-to-noise ratio is such
that the unaided eye has difficulty in seeing any remnant of
the underlying systematic pattern.
Generally, a simulation of particle displacements that is
realistic even to the point of including random noise, ran-
dom drift error, and a random distribution of particle loca-
tions can be called a Monte Carlo simulation. Fig. 1 C and
D shows examples of Monte Carlo simulations in which it
is assumed that a cell characterized by a certain "test" shape
is exerting a certain "test" traction field upon the substratum
(i.e., the field of Fig. 1 A). More generally, any traction
pattern and cell shape could be used as the basis for con-
structing a Monte Carlo simulation. If the Monte Carlo
simulation of displacement data is correctly conducted, its
outward appearance very much resembles the result of a real
experiment. In particular, the ideal observers 01 and 02
have no way of telling the difference between a simulated
experiment and a real experiment. Consequently, Monte
Carlo simulations can be used to conduct objective trials of
the accuracy of the reconstructed traction images produced
by the ideal observers.
In a typical Monte Carlo trial we confront an observer
with the noisy displacement field resulting from a simula-
tion and obtain his or her best opinion as to the underlying
traction field. We then compare this reconstructed field with
the test traction field known only to us. Systematic repeti-
tions of this procedure can in principle provide answers to a
host of detailed statistical questions. For example, we can
determine how sensitive a reconstructed traction image is to
the test mesh, to the signal-to-noise ratio of the simulated
data, to the number and distribution of particles, to prior
bias of the observer, to characteristics of the underlying test
traction field, etc.
Fig. 2 A and B shows the results obtained when 01
attempts to construct a traction image starting with the
Monte Carlo simulations shown in Fig. 1 C and D, respec-
tively. Fig. 2 C and D shows the analogous results obtained
when the simulated data are processed by 02* Comparison
of the reconstructed images with the exact traction field
(given in Fig. 1 A), allows one to determine the accuracy of
the reconstructions. Obviously, in this example neither ob-
the exact images are recognizable in the reconstructions. We
are thus partially reassured that both 01 and 02 can recon-
struct useful approximations of the particular test traction
image used for this example even if the displacement ob-
servations are few and of low accuracy. The inevitable
degradation of the quality of the reconstructed image that is
due to the noise level of the data can be seen by comparison
of Fig. 2 A and B and likewise of Fig. 2 C and D. Compar-
ison of Fig. 2 A and B and likewise of Fig. 2 B and D reveals
that 01 and 02 produce very similar results. This was a
consistent finding in a large spectrum of tests.
Monte Carlo simulations can be used to illustrate the
consequences of introducing modifications into the defini-
tion of complexity scale used by an ideal observer. For
example, in Fig. 3 A we show what happens to the image
deduced by 01 if we decrease the standard value of A by a
factor of 2. The effect is to cause the observer to place less
reliance on the data at hand and more reliance on his
preconceived notions of complexity. The final maximum-
likelihood image deduced by 0° is thus overly conservative
or skeptical (compare Figs. 3 A, 2 B, and 1 A). In other
words, if the retained features of the reconstructed traction
image are real but the magnitudes are too low some of the
more interesting details of the test traction image are lost.
In contrast, the effect of increasing the complexity scale
by a factor of 2 is shown in Fig. 3 B. As a result of this
modification 01 places more emphasis on the particular
noisy data at hand and less reliance on his preconceived
notions. As a result he tries to extract too much information
from a single noisy data set and in effect fails to filter
adequately the signal from noise. The end product, Fig. 3 B,
is an overly liberal image in which many features are the
result of noise and are not strongly necessitated by the data.
We should emphasize that the results of Fig. 3 A and B
correspond to relatively modest changes in the choice of
complexity scale. Thus these images, though they are not
optimal, might still be acceptable for some applications. If A
is increased or decreased by even larger amounts, (say, by a
factors of 10 or more), then the quality of the reconstructed
images will be very poor and virtually useless (data not
shown). In particular, disastrous results ensue if we let all
images in {H} have equal a priori likelihood (equivalent to
setting A = oo).
In addition to the trials indicated in Figs. 2 and 3 we have
carried out many hundreds of independent Monte Carlo
tests, using a battery of different meshes of various sizes and
shapes. For each mesh we have tested the ability of both 01
and 02 to reconstruct 10 different traction density patterns
spanning the broad range of possibilities. Simulations also
involved different choices for the number of observed par-
ticles and different choices for the random distribution of
these particles with respect to the mesh centroid. Finally, we
simulated data by using several different signal-to-noise
ratios. The voluminous results are best summarized by
simply stating that both 01 and 02 give accurate reconstruc-
tions even of complex traction images and even with very
noisy data. In all but a few extreme cases the tractions
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FIGURE 2 Effect of noise level
and observer on reconstructed traction
images. (A) Traction field recon-
structed by O, based on the low noise
simulation of Fig. 1 C). (B) Traction
field reconstructed by 01 based on the
high noise simulation of Fig. 1 D. (C)
Traction field reconstructed by 02
based on the low noise simulation of
Fig. 1 C. (D) Traction field recon-
structed by 02 based on the high noise
simulation of Fig. 1 D.
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images of 01 and 02 are very similar and conservative; they
systematically underestimate the extremes of traction mag-
nitude, and they overestimate the degree of alignment of the
traction field.
From Monte Carlo simulations it is clear that the best
images are obtained when the displacement vectors are
scattered randomly throughout a circular field with diameter
extending well beyond the boundaries of the mesh. Asym-
metric distributions of the bead positions tend to introduce
bias into the results. The characteristic diameter of the
particle distribution should be at least twice as large as the
diameter of the mesh. Apparently, this is so because obser-
vations far from the cell provide valuable reference markers
needed for accurate drift corrections and for the lower
moments of the traction field. Displacement measurements
at points directly under the cell yield more detailed "local"
information. Small "features" or details of a traction image
will tend to be lost in the reconstructed image unless the
characteristic size of the feature is larger than the average
spacing between particles in the field.
Simulations also indicate that certain common-sense
rules concerning the mesh are valid. For example, the mesh
must have sufficient spacial resolution and degrees of free-
dom to represent the traction field adequately. Further re-
finement of the mesh beyond this point has little effect on
the results. In all cases an accurate but minimal representa-
tion of the cell-substratum contact region is most advisable.
It is particularly damaging if Ql is deliberately expanded to
2016 Biophysical Joumal
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include regions where tractions would normally be ex-
cluded. This kind of misrepresentation is leveraged by the
built-in conservative tendencies of both 01 and 2. As a
result the final images will include spurious tractions ex-
tending into the areas where they should be forbidden.
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FIGURE 3 Effects of changing the complexity scale on the traction
images of 01. (A) A is decreased by a factor of 2 relative to the standard
value derived from Eq. 18. The qualitative effect is to reduce the com-
plexity of the final maximum-likelihood traction field. The resulting image
is usually too conservative in the sense that certain interesting and valid
details of the exact traction pattern are omitted. (B) A is increased by a
factor of 2 relative to the standard value derived by Eq. 18. The qualitative
effect is to increase the complexity of the final maximum-likelihood
traction field. This can sometimes result in an improved image and a better
(lower) value of W2. Unfortunately the image is usually overly liberal, and
there is a danger that spurious features, not well supported by the data, will
be present.
STUDIES OF FILM RHEOLOGY
Manipulation with calibrated microneedles was previously
been used to evaluate the suitability of various types of film
for use as biological substrata (see Lee et al., 1994; Oliver
et al., 1995). These studies demonstrated that film rheology
is generally quite sensitive to the detailed conditions of
manufacture, particularly the duration of the treatment with
glow discharge. Nevertheless, conditions can be controlled
to reproducibly generate so-called "elastic" films. When a
tangential force is applied at the center of the Rappaport
chamber supporting this kind of film, it undergoes an equi-
librium displacement by an amount linear in the force (the
empirical film stiffness is -2 mdyn/,lm). Moreover, when
the force is removed, films of the elastic type recoil to their
initial state with a half-time of -1 s. Because the displace-
ments caused by needle manipulation in these simple com-
pliance experiments (tens of micrometers) far exceeded the
typical bead displacements caused by cells (1/2 ,um), it
seems fair to conclude that our so-called elastic films will
retain their desirable properties during the time required for
measurements of cell-generated tractions.
A difflculty with single-needle compliance studies is that
the traction field does not satisfy the condition of global
force balance. As a result, the measured compliance of the
film by this technique is not a strictly intensive property; it
depends on the exact size and shape of the Rapaport cham-
ber and also on the exact placing of the needle within the
boundaries of the chamber. To overcome these objections
we have devised a new type of experiment in which the film
is simultaneously manipulated with two calibrated mi-
croneedles configured so as to apply a symmetric "pinch-
ing" traction pattern. Such a pattern is consistent with global
force balance, and moreover the magnitude of the net trac-
tion applied by each needle separately is readily determined.
Thus a pinch experiment allows a direct test of the basic
integral transform connecting tractions and displacements
(Eq. 4). In addition, the pinch experiment can be used to
obtain an accurate and unambiguous value for the surface
Young modulus of a silicone membrane.
Fig. 4 A shows the results of a typical pinch experiment.
Two needles of approximately equal stiffness were applied
close to the center of an elastic film (square boxes show the
initial locations of the microneedle tips). The arrows in Fig.
4 A show the observed displacements of marker particles
fixed in the film when the needle tips were moved toward
each other to reduce the initial separation distance by
-10%. The pinching of the film simultaneously caused the
needles to bend slightly. As the needles were calibrated in
advance, the magnitude of this bending can be used to
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FIGURE 4 Typical "pinch" experiment. (A) Two
microneedles of approximately equal stiffness are
placed in contact with the elastic surface at the loca-
tions indicated by the square boxes. The needles are
then moved toward each other in a pinching motion to
reduce the initial separation distance between them by
-10%. The resulting displacements of 101 marker
beads scattered in the vicinity are indicated by arrows.
The base of each arrow corresponds to the initial
location of a bead; the magnitude and direction then
indicate bead displacement in the usual way. The
magnitude of the total traction force exerted by the top
and bottom needles was independently deternmined by
observation of the extent of needle bending. This
force was the same for both needles (7.4 mdyn).
(B) Maximum-likelihood traction field (thick arrows)
and corresponding displacement field (thin arrows)
obtained from analysis of the experiment of (A). To
compute displacements, the force of a needle was
assumed to be applied as a uniform traction stress
over the box representing its region of contact with
the film. The magnitude of the total force of a single
needle was fixed at 7.4 mdynes, and the sum of the
forces of the two needles together was assumed to be
zero (i.e., global force balance was enforced). Finally,
after these constraints, the angular direction of the
opposed pinching tractions, the surface Young mod-
ulus and the drift corrections were determiined by data
fitting (four free parameters).
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determine the exact force being exerted. In the case of
Fig. 4 A the magnitude of the force by this method
(7.4 mdyn) was the same for both needles to within exper-
imental error. This confirms that the pinch was in fact
symmetrical and that global force balance is valid.
Fig. 4 B shows the theoretical displacement field (thin
arrows) predicted by Eq. 4 on the basis of the indicated
tractions (thick arrows) applied uniformly across the needle
tips. In obtaining the theoretical traction vectors we fixed
the product of the traction density and the box area (i.e., the
integrated traction force applied by each mironeedle) at the
experimental value of 7.4 mdyn. The surface Young mod-
ulus, the precise angular orientation of the tractions, and
also the drift correction were adjusted to minimize the
discrepancy between theory and experiment. The maxi-
mum-likelihood value for Es was 40.9 dyn/cm.
It is clear by inspection of Fig. 4 A and B that there is
general qualitative agreement between theory and experi-
ment, but it is also clear that there are significant differ-
ences. Quantitative comparison of Fig. 4 A and B indicates
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a rms difference between corresponding components of the
theoretical and experimental displacement vectors of ± 0.18
,um (average of 101 beads). For comparison with this quan-
tity one should consider the rms magnitude of the bead
displacements themselves (0.65 ,um), the wavelength of
visible light (-0.5 ,um) and also the pixel resolution (±0.12
,tm). By all these measures, our general conclusion is that
the results of applying defined pinching tractions to elastic-
type substrata are reasonably consistent with the corre-
sponding Green's function solutions of the governing equa-
tions of small strain-plane stress elasticity. We should
emphasize, however, that the theory of small strain-plane
stress elasticity is an idealized representation of reality that
is only approximately valid. The importance of this can be
seem from the results of a test for spatial correlations of the
displacement errors (data not shown). Such a test revealed
that the errors of the computed displacement field of Fig.
4 B tended to be larger closest to the needle tips. Some
possible sources of such correlations include 1) indentation
of the film owing to the normal forces applied when the
needles touch and "grip" the surface, 2) imbalance in
the tangential forces applied by the two needles, 3) failure of
the small-strain assumption in the case of particles located
very close to the needle tips, and 4) error in the placement
of the boxes representing the needle tips owing to slippage
when the tractions were applied.
In five repetitions, the surface Young modulus of our
standard elastic film preparation by the pinch technique was
found to be 54 ± 15 dyn/cm. This value was approximately
double the empirical stiffness parameter of the standard
elastic film as measured in single-needle compliance exper-
iments described previously (see Oliver et al., 1995). This
correction factor should be a constant, at least if the single-
needle manipulation is always carried out in exactly the
same geometry. Thus, when properly corrected, the single
needle method can be used as a quick and simple means of
determining the surface Young modulus of elastic films.
ILLUSTRATIVE TRACTION MAP
In a separate publication we recently presented an initial
image of the traction pattern exerted upon a substratum by
a moving keratocyte (Oliver et al., 1995). Unfortunately, at
the time when this first traction image was assembled reli-
able data on the surface Young modulus of the standard
elastic film were not yet available. This meant that only the
direction and relative magnitude of traction stresses at var-
ious positions under the cell could be obtained. The newly
available values of Es (see the pinch experiments described
above) now make it feasible to report fully calibrated im-
ages in which traction stresses are given in absolute physical
units. In addition to obtaining such calibrated images it is
also instructive to dwell on some of the biophysical nuances
and ambiguities that can result from changes in the under-
lying statistical processing of displacement data. Details of
the experimental approaches used for preparation of kerato-
cytes, for preparation of elastic films, and for collection and
recording of data on bead displacements and cell shape were
all described previously (Oliver et al., 1995; Lee et al.,
1994).
Fig. 5 A shows the mesh representation of the image of a
typical keratocyte moving in a straight path toward the
positive Y direction on a standard elastic film. The total area
of the cell-substratum contact defined by the interior of this
mesh is 656 ,um2. Experimental observations of particle
displacements (n = 95) in the field surrounding the moving
cell are shown by arrows. Fig. 5 B shows the traction
density field reconstructed by 01 based on these data. The
corresponding reconstruction by °2 iS shown in Fig. 5 C.
The tractions of Fig. 5 B and C are fully calibrated based on
the best available estimate of Es for our standard elastic film
preparation (see above).
Comparison of Fig. 5 B and C shows that the conclusions
of 01 and °2 are very similar both qualitatively and quan-
titatively. The virtual observers report tractions applied be-
neath the cell in a symmetric, pincerlike pattern, and or-
thogonal to the direction of locomotion. Traction densities
are strongest at the two lateral margins of the cell. They
diminish and approach zero at the cell center. A consistent
pattern of tractions acting in a rearward direction appears
just behind the nucleus (more obvious in the case of 01 than
in the case of 02). Relative traction densities at the center
front of the lamella were small and oriented somewhat
randomly, so it is difficult to interpret them with confidence.
In the case of 01 the lateral front edges of the cell are
characterized by forward-directed traction densities (02
does not report this feature at this mesh resolution). No
forward-directed tractions were observed at the rear of the
cell. Because the traction fields of Fig. 5 B and C are
calibrated, we are able to compute some interesting descrip-
tive statistics. For example, the rms average of the cell-
substratum tangential stress in both images is 2.2 x 103
dyn/cm2.
Fig. 5 D shows the theoretically predicted displacements
of the particles computed with Eq. 4 in conjunction with the
maximum-likelihood image of 01. The rms error between
theoretical displacement vectors in Fig. 5 D and the exper-
imental vectors in Fig. 5 A is ±0.094 ,um. For comparison
the pixel resolution at the magnification used in this exper-
iment is ±0.092 ,um. Thus the fit between theory and
experiment in the case of this locomoting cell is very close
to the theoretical limit of the optics. In addition, we could
detect no spatial correlations of either the directions or the
magnitudes of the error vectors (data not shown). We should
emphasis that, in our hands, this excellent fit between theory
and experiment is quite typical.
To check a traction image for error caused by inadequate
mesh resolution it is necessary only to repeat the entire
calculation, using a refined or modified mesh. Thus Fig. 6 A
and B shows images that are matched in all ways with those
of Fig. 5 B and C, except that each element of the starting
mesh has been subdivided into four. Comparison of these
two image sets demonstrates that the doubling of spatial
2019Dembo et al.
Volume 70 April 1996
msh+dex chikn=9304\929
2.00E-1 microns 7.38E+0 microns
l-l
tmi chikn=9304\929
2.50E+3 Baryes 5.10E+0 microns
A
timn chikn=9304\929
2.50E+3 Baryes
--o
dml chikn=9304\929
2.00E-1 microns5.10E+0 microns 7.38E+0 microns
FIGURE 5 Traction image of a locomoting keratocyte. (A) Mesh of 24 quadrilaterals defining the domain of the cell-substratum contact for a fish
epidermal keratocyte locomoting on the standard elastic silicone rubber film (see Oliver et al., (1995) for details of the experimental methodology).
Observations of bead displacement are shown by arrows both inside and outside the domain of cell-substratum contact (n = 95). The reference for
undisturbed bead location was taken from analysis of the same location on the film several seconds before the cell appeared in view. The cell is moving
in the upward direction at approximately 0.3 gm/s. The area of the cell-substratum contact is 656 ,tm2. (B) Maximum-likelihood traction image
reconstructed by virtual observer O, based on the data and mesh of (A). As previously, the scale for traction stress is expressed in cgs units; (Barye-
1 dyn/cm2). (C) Maximum-likelihood traction image reconstructed by virtual observer 02 based on the data and mesh of (A). (D) Bead displacements
computed according to Eq. 4 based on the maximum-likelihood traction image of 01. The rms discrepancy between these theoretically predicted
displacements and the displacements actually observed (A) was ±0.093 ,um.
resolution and the quadrupling of the number of degrees of
freedom had rather small consequences. For example, the
area average rms traction magnitude was computed as 2.9 +
103 dyn/cm2 for the image based on a mesh with 96 ele-
ments and at 2.2 X 103 for a low-resolution image. As
another example, the rms error of the predicted and ob-
served bead displacements was ±0.083 ,um for the mesh
with 96 elements and ±0.094 ,um for the mesh with only 24
elements. Despite the basic similarity of high-resolution
images to the low-resolution images, some minor issues can
be clarified by using high resolution. Thus, in Fig. 6 A and
B, 02 and 01 are seen to agree with respect to the existence
of forward-directed tractions at the anterior lateral margins
of the cell and also with regard to the rearward-directed
traction at the posterior margin.
A traction image is subject to uncertainty resulting from
the inherent randomness of the data in addition to error
resulting from inadequate mesh resolution. Such uncertainty
is usually not uniformly distributed throughout a traction
image. Rather it tends to be more or less severe at different
locations, depending on the nature of the image itself and on
details of particle distribution and cell shape. Despite this
potential complexity, it is possible to determine robustly
point-by-point error bounds on a traction map by using a
parametric bootstrap method (Efron and Tibshirani, 1986).
In our implementation we start with known maximum-
likelihood traction stress components Tk = Ta(fk, fk) at
the kth mesh node that result from the fitting of a particular
experiment. In the end we obtain the corresponding nodal
standard deviation components, STk = STk(fk, fk).
We start the necessary procedure by computing maxi-
mum-likelihood bead displacements, using the Tk and Eq.
4. We then generate 10 independent Monte Carlo simula-
tions. In each of these simulations the undisturbed locations
of the beads are exactly as in the experiment, but the
disturbed bead location consists of the initial location plus
the maximum-likelihood displacement vector, plus indepen-
dent random motions in the X and Y components, plus drift
error. The variance of the random noise in these simulations
is fixed in accord with the chi-squared statistic of the
original maximum-likelihood fit. The drift error is nomi-
nally chosen with a standard deviation of ± 1 ,gm, which is
2020 Biophysical Journal
c
'o, V.
V
.-W
q-
-.v 4 0
4- 41.-
.,--v q if
D I--,' i
- 'IN
B
,,-It A 19
.0 3- v V.
V.
.-.v 4 0 0-
k 0( 4-1-
Imaging Traction Stresses
2.50E+3 Baryes 5.10E+0 microns
IH-
2.50E+3 Baryes 5.10E+0 microns
F-
A IV
/4
%
4 '0 1*
'4
.4 %10. %
'4
-w I* I --
FIGURE 6 Effect of mesh refinement on keratocyte traction images.
(A) Image of 01. The mesh shown in Fig. 5 A was refined by simply
dividing each quadrilateral of the original mesh into four. The maximum-
likelihood image was then recomputed according to the method of 01 and
displayed in the usual way (compare with Fig. 5 B). Some improved
resolution of the maxima of the traction field is evident, but the basic
qualitative and quantitative features are changed little. (B) Image of 02-
Same calculation as in (A), except that the image was computed according
to the method of 02-
a conservative upper bound on the real dirft error. The
fitting procedure of either 01 or 02 is then applied to each
of the "bootstrap stimulations" and the results collected to
yield a statistical sample of related traction maps. Finally,
this sample is used to estimate the standard deviations of the
tractions at each mesh node in the usual way. We display the
results by plotting a dispersion pattern consisting of the four
extreme vectors (T, BTI, T2 ± 6T2). These form the
corners of the 65% confidence "box" bracketing the local
traction density field.
Fig. 7 A and B shows the bootstrap dispersion patterns of
the high-resolution traction images of Fig. 6 A and B,
respectively. We conclude that at least the major features of
the maximum-likelihood traction images of both observers
are well supported and are not substantially affected by the
uncertainty of the data. The maximum uncertainty is asso-
ciated with the small vectors located at the anterior margins.
For rapidly moving cells another source of error in trac-
tion images arises because of the finite viscoelastic response
time of the silicone rubber films (-1 s, as mentioned
above). In essence all particles move less than they would
for an instantaneous response time, but the correction is
greater for particles in front of the cell than for the particles
behind. From dimensional analysis the magnitude of the
resulting correction to particle displacement is of the order
of the product of the response time and the cell velocity.
FIGURE 7 Bootstrap analysis of keratocyte traction images. (A) Uncer-
tainty of the traction image of Fig. 6 A. (B) Uncertainty of the traction
image of Fig. 6 B.
This number is less than 0.01 ,um in the case of the fish
keratocyte and can therefore be safely neglected compared
with the other errors discussed previously.
MISCELLANEOUS REMARKS
It is of interest to check our current estimate of the gross
area-averaged traction stress between a keratocyte and its
substratum with previous measurements of similar quanti-
ties. One such measurement is provided by the microneedle
retraction study of Felder and Elson (1990). These authors
reported that a stress of -5 X 102 dyn/cm2 was exerted by
the leading lamella of a fibroblast in the action of retracting
a calibrated microneedle adherent to its upper surface. An-
other approach to measurement of average traction stress is
provided by the data of Usami et al. (1992) on the motion of
a leukocyte into a capillary tube against counterpressure.
Because the contact area between the leucocyte and the
capillary wall is -2 times the cross-sectional area of the
capillary in Usami's study, the average tangential stress
against the wall must be approximately half of the stall
pressure. The result is then an estimated traction stress for
the leucocyte of -8 X 103 dyn/cm2. Remarkably, both of
these estimates of traction stress are in order-of-magnitude
agreement with our own estimate (-2 x 103 dyn/cm2). One
is therefore encouraged to believe that there is some broad
consistency among these various determinations of cell-
generated traction stress despite big differences in the ex-
perimental details.
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According to our results, a locomoting keratocyte exerts
a characteristic traction force of -(2.2 X i03 dyn/cm2) X
(6.5 X o0-6 cm2) = 1.4 X 10-2 dyn. This value exceeds
previous estimates, based on micromanipulation, by a factor
of 5 (Lee et al., 1994). Possible reasons for this discrepancy
were discussed above (see Studies of Film Rheology,
above). For comparison with our total force estimate, recent
measurements indicate that the force exerted by single my-
osin motor is only 10-7 dyn (see Ishijima et al., 1991).
Therefore, it would seem that 2 105 myosin motors would
be required for the tractions that we observe. Actually this
is probably a rather conservative lower bound because the
force-generating efficiency of myosin in realistic practice is
apt to be very low. In any event, based on studies of amoeba
(Clark and Spudich, 1974; Warrick and Spudich, 1987),
there would seem to be adequate conventional myosin
(-0.5% of total protein) to generate the required force.
For various purposes, the traction forces involved in cell
motility are sometimes classified as propulsive (tending
to favor forward motion of the cell), retarding (tending to
inhibit this motion), or neutral (normal to the direction of
locomotion). Thus in some models actomyosin motors pro-
duce propulsive tractions, the peeling of adhesive bonds
produce retarding tractions, and there are no neutral trac-
tions (reviewed by Lee et al., 1993). Unfortunately, such
anthropomorphic classification of traction stresses are dan-
gerous, particularly when one is attempting mechanistic
interpretations of quantitative traction images such as result
from our methodology. Thus, it is tempting to conclude
from Fig. 5 B and C that the main or only retarding tractions
are at the anterior edge of the lamella and the main or only
propulsive tractions are at the posterior edge of the cell.
Unfortunately, this sort of conclusion is erroneous. The
correct conclusion from our result is that there are local net
propulsive and retarding tractions at the respective loci in
question. Thus it is perfectly feasible to suppose that rear-
ward actomyosin generated tractions and forward peeling
tractions both exist and commingle at all points in the
contact region but with the retarding tractions slightly dom-
inant at the front of the cell and the propulsive tractions
slightly dominant at the posterior.
In view of such subtleties, it is too early to speculate
about the general mechanisms of cell motility based only on
the pattern of tractions exhibited by the freely locomoting
keratocyte. At a minimum the traction images of different
cell types, cells working against different external loads,
cells moving at different steady velocities, cells changing
directions, and cells moving under conditions of weaker or
stronger adhesion should all be quantitatively examined
before one reaches conclusions. Moreover this information
needs to be carefully integrated with the results of cytology,
biochemistry, and genetics and with other biophysical
approaches.
Much of the software described in this publication was written when one
of the authors (M.D.) was on sabbatical at the Institute for Mechanics and
Materials at the University of California, San Diego. Special thanks for
hospitality and useful conversations go to the staff of the institute, partic-
ularly the director, Prof. R. Skalak.
Work was supported by NIH grant GM 35325 (to K.J.) and NIH grant
AI21002 (to M.D.).
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